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w . where ) 0 and f : 0,ϱ ª ‫ޒ‬ is monotonically increasing and concave with Ž . Ž . Ž f 0 -0 semipositone . We establish that f should be appropriately concave by . establishing conditions on f to allow multiple positive solutions. For any ) 0, Ž . we obtain the exact number of positive solutions as a function of f t rt. We follow Ž . Ž . several families of nonlinearities f for which f Ј ϱ [ lim f Ј t ) 0 and study t ª ϱ how the positive solution curves to the above problem evolve. Also, we give 1 The results in this paper were made public at the Conference on Applied Analysis of April 1996 at Louisiana State University. The corresponding paper was accepted for the Ž . proceedings of that conference published in Contemp. Math. 221 1999 . Clerical misunderstandings prevented such publication. The following classification of concave functions plays an important role in our results. It is easy to show that either
. Ž . all t g 0, and f t rt Ј -0 for all t g , ϱ .
Ž . Ž Ž . . Let t s f t rt Ј. Then differentiating and using f Љ -0 we have
Ž .
Ž . so that Ј -0 whenever ) 0. Consequently t ) 0 for all t or Ž . Ž . Ž . t F 0 for all t suitably large. In the first case, we have f Ј t ) f t rt Ž . Ž . Ž . and f t rt strictly increasing; it follows that f Ј ϱ ) 0. In case 2 , using Ž . Ž . Ј t -y2 t rt we conclude that there exists a unique such that Ž . Ž . Ž . Ž . s 0. Since f Ј ϱ ) 0 in case 1 , when f Ј ϱ s 0 one must therefore Ž . be in case 2 .
Semipositone problems are not only of mathematical interest but also occur in applications such as population models with constant harvesting Ž w x. w x effort see 6 . In 1, 4, 5 semipositone problems with concave nonlineari- Ž . Ž . Ž .
tªϱ
We note that this hypothesis is necessary for the existence of positive solutions for large values of . It also implies that the supremum norm of Ž w x. positive solutions tends to ϱ as ª ϱ see 4 . Here we consider the case when
and study how the existence, multiplicity, and stability of positive solutions Ž . Ž . can drastically differ from case 1 to case 2 . In fact, we establish the exact geometry of the positive solution curves and hence the exact number of positive solutions for any ) 0. As a by-product we relax the hypothew Ž .x ses on f in 5, Theorem 1.1 B and also establish the exact number of positive solutions for any ) 0. Also, we rule out a few cases that were w x considered in 7 . Hence, our results completely classify semipositone problems with monotonically increasing concave nonlinearities.
As remarked above, we have two cases to consider. In the rest of the Ž . Ž . paper we use the following notation. This paper is organised as follows. In Section 1, we study the variations of the positive solutions with respect to the parameters and s Ä Ž . Ž .4 sup u x : x g y1, 1 . We prove Theorems 1 and 2 in Section 3. In Section 4 we give a family of examples which satisfies all the hypotheses of Ž . Ž . Theorem 1 for case 2 . For case 1 it is much simpler to construct an example. In Section 5, we follow a sequence of nonlinearities f as in case n Ž .
Ž . 2 of Theorem 1 which converge to an f with f Ј ϱ s 0 to illustrate how Ž . Ž . the positive solution curve to 1.1 , 1.2 would evolve from the positive solution curve to the corresponding problem for f . Also, we discuss an n Ž . example where the positive solution curves for case 1 evolve from that of Ž . w x case 2 . In a forthcoming paper 3 we report similar results for the higher dimensional analogue of the above problem,
N Ž . where ⍀ is the unit ball in ‫ޒ‬ N ) 1 .
FIRST AND SECOND VARIATIONS WITH RESPECT TO PARAMETERS
Ž . For any ) 0, we define u x, , to be the solution to the initial value problem Ž .
Ž .
This, after differentiating with respect to d, gives
Let¨denote the solution to the corresponding linearized problem Ž . Ž . integrating over 0, 1 we obtain uЉ 0 u 0 s 0, which is a contradiction to Ž .
Ž . Ž . the fact that uЉ 0 -0. Note that u satisfies 2.5 , 2.6 and u satisfies Ž . Ž . Ž . Ž . 2.7 , 2.8 . Multiplying 2.5 by w and 2.7 by¨, subtracting one from the Ž . other, and integrating over 0, 1 we obtain 
PROOFS OF THE THEOREMS

Ž .
Ž . Multiplying 1.1 by uЈ x and integrating, we obtain 2 y uЈ x r2 s F u x q C.
3 . 1 Ž . Ž . Ž . Ž .
Since positive solutions are known to be symmetric with respect to
which in turn implies that Ž . satisfying Sup u x : x g y1, 1 s u 0 s . In fact, G is a continuous Ž . function which is differentiable over , ϱ with Ž . and let ) 0 be an eigenfunction corresponding to . Multiplying 1.1 1 1 by and integrating by parts we get
H H H Ž . Ž . we have H t ) 0 for t large and hence GЈ ) 0 for large. Now we make use of the developments in Section 2 to complete the proof. Ž . These imply that there is a differentiable function ⌳: y ⑀ , q ⑀ ª ‫ޒ‬
